ON THE CONDITIONS OF INTEGRABILITY OF COVARIANT
DIFFERENTIAL EQUATIONS*

BY
J. A. SCHOUTEN

In differential geometry conditions of integrability frequently occur, but
in the cases usually investigated only the first of these conditions has to be
considered. In 1922t Eisenhart and Veblen gave a necessary and sufficient
condition that a geometry of paths be a Riemann geometry by using a
new method of treating the conditions of integrability of higher order.
Recently Veblen and Thomas have generalised this method in these
Transactionsf and succeeded in giving a very elegant treatment of
linear equations of the form

V”vh...lp =0
and of linear equations of the form

V(‘uvh...)'p) =0

for p =28
Now the conditions of integrability have been the subject of a great
number of investigations, especially by Lie, Bouquet, Mayer, Bourlet,
Delassus and Riquier, and in these papers the problem is solved for very
general forms of systems of differential equations. The methods used by
these authors, however, are not directly applicable in the case of covariant
equations as used in differential geometry, as they are too general and
not in covariant form. Therefore it must be possible to establish a method
in covariant form for the treatment of covariant equations much more
simple than these general methods, and more convenient for use. In the
first part of this paper (pp. 442-453) we deal with equations of the form
Vﬂvll...lp == w/tllm)-p?
the right side being a function of z” and v, .., only, containing no deri-
vatives of v)...;. The general solution of these equations, if existing,

* Presented to the Society, September 11, 1925.
tProceedings of the National Academy of Sciences, vol. 8 (1922), pp. 19-23.
1 Vol. 25, pp. 551-608.
§We use in this paper the notations of the author’s Der Ricci Kalkiil, Berlin,
J. Springer, 1924; cited in the sequel as R. K.
441 08
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depends always on a finite number of arbitrary constants. The conditions
of integrability and their treatment are given in covariant form. The
linear case, including as a special case the first equation of Veblen and
Thomas, is treated more in detail in a separate section. In the second
part (pp. 453-473) we deal with equations of the form

PV,‘ Veesdy = Wudyeoodyr

the right side having the properties mentioned above and P being any
operator linear homogeneous in the permutations of the p-1 suffixes
why -+ A,. The treatment of such equations is possible by using the
author’s development of arbitrary quantities of degree p-}-1 in series of
indivisible quantities. By using this development and a general theorem
of Lie we find the necessary and sufficient condition that the general
solution depend on a finite number of arbitrary constants. This condition
being satisfied, the conditions of integrability and their treatment can be
given in covariant form. The linear case, including as a special case the
second equation of Veblen and Thomas, is treated more in detail in a
separate section.

The case in which the general solution involves arbitrary functions is
not dealt with in this paper.

A. ON COVARIANT EQUATIONS ADMITTING A SOLUTION
FOR THE FIRST DERIVATIVES

1. The conditions of integrability. In this chapter we consider
covariant equations of the form

(1.1) V# Vkyooody = Wadyoood,s Wy hyyooeydy = @1, -, Qn,

Wya,---1, being a quantity, depending on 2” and v,,...,, only, not containing
derivatives of vy,...; ; VM is the operator of covariant differentiation, defined
by the equation*

0vg,eer,  BE?,
(1.2) Vi Uiy, = ————+ Zr, L S RS BNV BRIy

oat
the parameters I, being once for all given as functions of #”. In (1.1)

only lower suffixes appear, but all properties derived in this chapter hold
also for quantities with higher and lower suffixes.

* Signs of summation are always omitted when they belong to Greek suffixes, but never
when they belong to Latin ones.



1925] INTEGRABILITY CONDITIONS 443

Temporarily we make use of suffixes u, v, w, taking all values from 1
to N =n?, and write

Va,...a, — U1,

(1.3)

Va,..

1 .ala2: Vs, etc.,

so that (1.1) is equivalent to

0Vy
(1'4) 'a—;)#—z I/V‘uu (u=17"'}N;«u’=a17"‘;a'n)°

We recapitulate briefly some well known properties of these equations.*
The solutions of (1.4) satisfy the equations

aW, oW 0 Wou O Wuu
1.5 i B Wy =
(1.5) 22" +‘? vy Dt +§ dv, M7

which do not contain any derivatives of v, and may therefore be put in
the form
(1.6) Fou(or, -+, o8) = 0 (w =1, ,N(g))

If (1.6) is identically satisfied, viz. for all the values of v, then
(1.4) is completely integrable. In this case if W,, are functions of z*,

. - . . 0
vy, regular in the vicinity of some arbitrary given values xz¥, v,, there
0

exists one and only one system of solutions v,, regular in this region and
0
taking the values v, for ¥ = 2. Hence if (1.4) are completely integrable,
0

the general solution depends on a finite number of arbitrary constants.

If equations (1.6) are mot identically satisfied, there will be some of
them, say N— N’, independent. Then, by (1.6), N— N’ of the variables v,
are functions of the other N’ and of z¥. Without loss of generality we
may assume that these variables are v, ---, vn. Then (1.6) is equi-
valent to

1.7 oNt+s = 9s(v1, -, o8) (s=1,..., N—N).

Substituting the values of vy'4s from (1.7) into (1.4) we get from the
first N’ equations N’ new equations

* Bouquet, Bulletin des Sciences Mathématiques et Astronomiques, vol.3
(1872), pp. 265-274; Mayer, the same Bulletin, vol. 11 (1876); Mathematische An-
nalen, vol. 5 (1872), pp. 448-470; Bourlet, Annales de I’Ecole Normale Supérieure,
ser. 8, vol. 8 (1891), supplément, pp. 1-63.

28*
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(1.4) §;=wm @=1,..-, N,

in which W, contains only v, - -+, va-. The other N— N’ equations (1.4)
lead to N— N’ equations containing only vi, ---, vn- and no derivatives:

(1.6" Fi(v,---,on) = 0 (s=1,..., N—N".

The conditions of integrability of (1.4') are obtained by substituting the
values from (1.7) into (1.5). Hence the equations (1.4') are then and only
then completely integrable when (1.6) is satisfied identically.

If equations (1.6') are not identically satisfied, there will be some of
them, say N'— N", independent. Then, by (1.6"), N'— N" of the variables
can be eliminated, giving rise to the equations

dvp ” . ’
(14") o = Wi o=1,...,N"),

(1°6”) Ft"(”h"') vy) = 0 (t = 1. NI_N”);

W, containing only v, - - -, vx~. The equations (1.4”, 6”) can be treated
in the same way as (1.4, 6'). Proceeding in this way we may arrive at
a completely integrable system of N* equations,

6Uc

(1.4%) = W (¢c=1,..., N¥),

oxt
* o o . .

wa containing only vy, ..., va+, and N—N* equations, expressing the

other N— N* variables as functions of vy, ..., vy+:

(1.8) va = falon, -y ew) (@ = N*41,..., N),

In this case the general solution of (1.4) depends on a finite number of
arbitrary constants. But it is also possible that we may arrive at a
number of independent equations between vy, - - -, vy greater than N. Then
(1.4) is inconsistent.

2. The covariant form of the conditions. We will now derive a
covariant form of the conditions of integrability, much more convenient
than the form deduced in the preceding section. To this purpose we
consider once more the process leading from (1.4,6) to (1.4, 6'). (1.4)
and (1.6") are algebraic consequences of (1.6) and the first derivative of (1.6),

o,

@1 e

= 0,
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5

if in these latter equations 9v,/dx* is replaced by Wi (1.6) is then
and only then identically satisfied, when (2.1) is an algebraic consequence
of (1.6). In the same way (1.4”) and (1.6”) are algebraic consequences

of (1.6), (2.1) and

(2-2) “a = % = 0,

dxs 9x?

if in this latter equation all derivatives dv,/02" are replaced by Wy, and
(1.6") is identically satisfied when (2.2) is an algebraic consequence of (1.6)
and (2.1). The process comes to an end when one of the equations derived
from (1.6) by differentiation is an algebraic consequence of all preceding
ones, or, when the number of independent equations between the v, becomes
greater than N.

Considering the solution of (1.4) in this way we are now able to put
the condition of integrability of the covariant equation (1.1) equivalent
to (1.4) into a covariant form. (1.6) is equivalent to

—
(23) 2 Ru Lk MioesdyyPhypyenid, \/||u._. w‘u,]A, ceidp

when on the right side always first derivatives of v, ... 2, are eliminated
by means of (1.1). If we make use of the quantity

lv"‘ r

e C Ve, O e W FrpreeeVp
(2-4) Rlugyl).l...).], = % j{'u,-_-tuli All :_llﬂ.l 12,7
(2.3) can be written
"l ey .
(2.5) %R‘u mln ’U,,l,,,,,p — V[H‘: w,,,,];.l,,,;p.

The present investigation requiring a great many of suffixes we will use
an abridged notation, writing 1, instead of 4, --- 4,41, 4, being the next
suffix of the i-series occurring explicitly in the same term. So v, stands
for vy,...1,, ¥3, Wi, (P=>¢) for va,...1,,, Wa,eeiyy i, wa, (p<gq) for v

wy,. P+l,andvl wy, (p>q) for V.., 0y, —VPVP_, M1 @i,
Thls conventlon will be followed throughout thls paper. Then (2.5) becomes

.V

(2.6) lz R‘;@l') Uy, = \7[‘“"2 wm];w.

By covariant differentiation of (2.6), always eliminating first derivatives
of vy, we get an infinite series of equations of the form
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y Y. . v
(2'7) Syylp-l—Syylp Uy, = 0 (?/ = 2) 37 c '))

where the quantities S are functions of z” and v, , not containing derivatives
of v,,. The first of these equations is (2.6) written in another way. Hence
this equation is equivalent to (1.6). The first and second equations (2.7)
are equivalent to (1.6) and (2.1), the first three equations (2.7) are equivalent
to (1.6), (2.1) and (2.2), etc. The equations (2.7) containing only v, and
no derivatives, either are inconsistent, or there exists a number ¢, so that
(2.7441) is an algebraic consequence of the preceding equations. Then the
same holds for (2.7,42) ete.

We have therefore proved the following theorem:

The first condition of integralility of the equation

(4) vﬂ‘ Vi, = Wk,

where wy,, contains only x¥ and vy, and no derivatives, is found by covariant
differentiation and alternation of (A):

(By) YR v, = Vi WiJh, e

The other conditions are found by covariant differentiation of (B,), eliminating
every time all derivatives of vy :

4 Y.. 9,
(By—l) SM}.P'*'Syy).p v, =0 (y = 3,4, - ')-

P

The quantities S contain only x” and vy, and no derivatives of v;,. FEither
the system (B) is inconsistent, or there exists a number q, such that (Bgt1)
is an algebraic consequence of (B, .-+, Bg). In the first case (A) admits
no solution; in the second case (Bgi2) efc. also are algebraic comsequences
of (By, -+, By) and the general solution of (A) depends on a finite number
of arbitrary comstants.

3. The linear case. When Wy, contains v, only linearly, (1.1) takes
the form*

0 . oV,
(3.]) VF ‘l)lp = u‘ulp + uy;,p ’ v,,p,

Uy, and u,,lpy’ containing only z” and neither v; nor derivatives of v; .
The conditions of integrability are

* The case in which the right side of (8.1) reduces to zero is treated by Veblen and
Thomas, these Transactions, vol. 25 (1923), pp. 584 ff.
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0 -
3.2) T‘uyl,,_’_ T,u.,.l‘, Pv,,y =0 (y = 2,3,--+),
where
107 . v 0 R 0
fakp = 7 V[ Wuy]a, u[f‘lupl u.“’] Vp?
0 0 . ey 0
(3.3) T‘“y+l)'y - v.“v+1 T“‘y}'p + T.“‘y)'n Upty 17y
. eV o .-1'),_ . eV e e @y o e
Tﬂﬁlp - %Rﬂilp v[:“! u:“l])'p +“’L“”J|}'P| u:“l]"‘P )

P ..V .. . . ¥,
Tipids = Vier Ty T Tahy Yty (y == 2,3,

Now we assume that the first ¢ equations (3.2) admit a solution zglp. Then
every solution of these equations has the form

(3.4) v, = o, Fav 4 Fav,
1 8

where «, ..., « are arbitrary parameters, functions of z”, and where
1 s

3)1‘,, ceey z‘;lp form a fundamental set of solutions of the reduced system (3.2),

viz. the system deduced from (3.2) by setting &Mp = 0. In the reduced
system all quantities 7' with a suffix 0 vanish. Further we assume that
the (¢-+1)th equation (3.2) is an an algebraic consequence of the preceding
oncs. When the system (3.2) is algebraically consistent there certainly
will be a number ¢ with these properties.

Replacing v, by 3&, in the first ¢ equations (3.2) we have by differentiation

0 .. ¥ e o Vp 0
(3.5) vw Ty,,).,,‘{' (vw Ty.,)., p) $v+ T‘u,,l, vw v, =0 (y=2,..-,9+1).

Subtracting these equations from the second to the (¢ -+ 1)th equations (3.2)
(inclusive), we have, by (3.3),

(3.6) Tf;yi,yp (&va+ u‘;",,“p 30:,,_— vw grp) =0 (y=2,---,q+1).
Hence

0 ] 0
w P \\W/
a (uwrp u'qu vot,. w vr,) ’

where a® is any arbitrary vector, is a solution of the reduced equation (3.2).

Therefore, 1]51,,» cee z‘ap being a fundamental set of solutions of the reduced
equations (3.2), there must exist an equation of the form

1,....8
0 cewy, 0 0 ' 0 b
(3.7) Uty Tty V= Vo U, = > Dy Uiy
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In the same way we prove, putting ZA,,, a =1,.--,s, in the reduced
equations (3.2), the existence of equations of the form

1,...,8
cevp @ L ’ ab b
(3.8) Wd, v,,.P——v‘u v, = Zb: Py V2,

By differentiation and alternation of (3.7, 8) we obtain

) 0 . eV z e i
39 ° Vio s, + V[w Wl Vvt Wddy] Vw] v, 3 R, 02
¢ 1,i=0

La® ib .
- ; (v[w py]) v)l,"l' 2 .p[,u, m] ”)P (3 { :': 07 1=0,1, *y 3),

P

and these equations pass by means of (3.2, 3, 7, 8) into
ia b ba )
(3.10) V[wpy]+§p[m Pg=0 (G=0,1,.--,59).

Now we will prove that the general solution of (3.1) has the form (3.4),
and that the parameters e, ..., « can be found by the integration of
1

8
a completely integrable system. In order that (3.1) be satisfied by (3.4) it
is necessary and sufficient that

1,...,8 1,--.,8 1,-..,8
0 S a ' a 0 S vy, @
(3*11) vp, Ui, + Ea (v,u ‘;‘) ’U),P—f- ; z‘ v/z u, = ;t/z).,,—l— ; z‘ u/dpP vy

4

ey O
+ ululp Uy s

»

or, because of (3.7, 8),

1""’306 b ],.._.‘,,9 a 1,--.,8 ab b
@312) =22 tuu,+ 2 (Vio o, 2 ep,u, =0,
3 @ a ? @b a ?
or
(3.13) W @ = m + 2 @ D)

The conditions of integrability of (3.13) are

1,...,8 b ba 1,..-,8
(8.14) 01311]-!- zb? 0P[,» iyt ; @ {V[” m+ 2 Dlu 171]} 0,

and these equations are identically satisfied in consequence of (3.10).
Hence, the integration of (3.1) is reduced to the algebraic solution of (3.2)
and the integration of the completely integrable system (3.13). In the following
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sections of this chapter we give some applications to problems of differ-

ential geometry.
4. Conformal transformations of a V,,.* The equation

(4-1) ’gl‘u = G.Q/IH

gives a conformal transformation of a V, with fundamental tensor 7
The transformed curvature affinor is

(4.2) ' t:)/'t:l’, = Kw‘ul T o[t Sule] 7%,
where )

(4~3) Sud = 2 v‘u SAT Su 82 + ‘]73a 8" Jurs
(4.4) s; = V,; log o.

The transformation of K, = Ko, “is given by
(4.5) ' 77 S K;d + 1 {(n—2) Sul + Sep gaﬂ .unl} .

If K, vanishes the Vy, is often called an “Einstein space”. The transformation
of the tensor L,

1
Ly = — K+ 2—1) Kgu; K = Kup g,
(4.6) ;
K[u/l - ’—'L‘u/l"— n—9 L.’]y); L = Laﬂ .’fzﬂ,
is more simple:
4 4
(4.7) n—2 Lyl = —7;:5 L‘ul—S‘ul.

It is well known that the V,, can then and only then be transformed con-
formally into an R, if the conformal curvature affinor defined by

4
(4.8) Cm‘uh/ = Boptyr — n—2 Ilo[A Lﬂ] v]

vanishes.t

Now we will deduce the necessary and sufficient conditions in order
that aV, can be transformed conformally into an Einstein space. By (4.7)
we have

4
(4-9) 2v‘u AT Su Sa + %Sa s* Jur = —72——'—2 Lpb

an equation of the form (1.1).

* Cf. for the formulae (4.1-8), R. K., pp. 168 ft.
T Mathematische Zeitschrift, vol. 11 (1921), p. 83.
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The first condition of integrability is

e e, 2
Kwyl Sy S[u {_ '}gw]l Se ¥+ n—9 Lw]/l}
(4.10) ) l )
+ s JAlu ‘%sw] sa—%g(u]a S s + n—29 Lw]af = n—9o v[w L;L]l’

or, because of (4.8),

1 4

.es _ 4
(4.11) Cw‘ul S = n—9 v[w L.u]l'
By differentiation, using (4.9) to eliminate VM s; we get the second condition

e oo ¥V DS 4 o 2
(v[é Cw‘ul.] ) Sy + Cw‘ul (‘%sé S,,—%Sa S ey + n—9 LEV)
(4.12)

4
= w—s V& Vo Lun-

Proceeding in this way we obtain an infinite series of equations. Now
these equations may be inconsistent, (4.9) admitting no solution. Or there
exists a number ¢, such that the (¢4 1)th equation is an algebraic con-
sequence of the preceding ones. Then the same holds for all higher
equations and (4.9) admits a general solution depending on a finite number
of arbitrary constants.

We may also investigate the possibility of conformal transformations
leaving K, invariant. Then L, is likewise invariant and (4.9) is reduced to

(4.13) 2Vusi—susi+3s.5" g = 0.
Introducing the vector
(4.14) sy = s7%8; §$? = s, 8%,

(4.13) passes into the simpler equation
(4.15) Vush = —1gu;

of the form (3.1).
The first condition of integrability { (4.15) is

(4.16) Koui s, = 0.

The other conditions are
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eV
(v'é Kwyl ) s;,—— %Kwy).},f = 0,

4.17) o
(Vy’é Kwy/l ) si—ivs Kw,ub;—%vr; Kw;d.& == O)

Y]
( v{'r)& Kw/,d. ) s;'_ 71‘ vq'& Kw‘ulf'— } VZS Kwy,h;— % v{'wy Kw‘ul‘é == 0,

etc. The conclusions are drawn in the same way as in the earlier case.
We remark that for n>>2, g[u[1 Su)a] vanishes only when s, = 0.
Hence by (4.2) the deduced conditions are for » >>2 also necessary and
sufficient in order that the conformal transformation leaves Ka',,;}y invariant.
5. Geodesic transformations of an A4,.* Every geodesic trans-

formation, viz. a transformation of the I‘,’{M leaving invariant the geodesic
lines, has the form
v

(5‘1) Irly‘u = FZ[&_{—AZP/L_!“A‘ALPI}

Pi being an arbitrary vector, function of 2. The transformed curvature
affinor is given by

(5.2) /Rwlu/l T = Rwyl F—2 Ploy] AI +2 A’[,w Pulis
where
(5.3) Pur = vlu Pa—Du Pi

The transformation of R,; = R;‘,',}“ is given by
(5.4) ,-R;M = Ryl"“npyl_plp'
The transformation of the tensor P,,:

—0'—1) Py = nBu+ By,

By = —nPy+ Py,

(5.5)

is more simple:
(5.6) ' (7 -Ppl—p‘ul'

It is well known that the A4, can then and only then be transformed
geodesically into an E,, if the projective curvature affinor, defined by

(6.7 Poui = Rouy —2 Py A3 +2 41, Pyt
vanishes.t

*Cf. for the formulae (5.1-7), R. K., pp. 129 ff.
+ Weyl, Gottinger Nachrichten (1921), pp. 99-112.



452 J. A. SCHOUTEN [October

First we will deduce the necessary and sufficient conditions in order
that an 4, can be transformed conformally into an 4, with B,; = 0. By
(5.3) and (5.6) we have

(5-8) v,u, Pai—Pubr = Bub

an equation of the form (1.1).
The first condition of integrability is
(5.9) 3 -Rw,d g Dy— P[mp] Pi—Plu Pm]). = Wu) P,u-]l,

or, because of (5.7),
(5.10) P(:;‘;i g .l)l' - 2‘7[_0) Ru]/l‘

By differentiation, using (5.8) to eliminate VM P, we get the second
equation,

(5-11) ( vé I)(::‘l‘t;l V) Y2% + R:»‘l.u.l g (PE Pr + PEV) =2 v§ v[w P‘u]l‘

Proceeding in this way we obtain an infinite series of equations. The
conclusions are drawn in the same way as in the preceding section.

Secondly we consider the possibility of geodesic transformations leaving
RM invariant. Then P, is also invariant and (5.8) passes into

(5.12) VuPa—pup2 = 0.

In consequence of this equation p, is a gradient vector:

(5.13) o= Vip.
Introducing the vector
(5.14) P2 = ¢

(5.12) passes into the simpler equation

(5.15) Vi = 0
of the form (3.1).
Hence, « -eodesic transformation leaving invariant B, exists only in an

An admitting a constant vector. The first condition of integrability of
(5.15) is

(5.16) Row" 9y = 0.
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The other conditions are*
(Ve Boi’)wi = o,

(6.17)
(Ve Bopi”)

0, ete.

The conclusions are drawn in the same way as in the earlier cases. We
remark that pp,,) 47 4 A[,, pu)a vanishes only when p,; = 0. Hence by
(5.2) the deduced conditions are also necessary and sufficient in order that

the geodesic tranformation leaves R;,‘;L}V invariant.

B. ON COVARIANT EQUATIONS WHICH ARE LINEAR HOMOGENEOUS
IN THE FIRST COVARIANT DERIVATIVES
6. Properties of permutational operators. We consider systems
of equations of the form
3

£
(6.1) PV, v, = wy, E=1,...,2),

where the quantity w,; = wy,,...; is a function of 2" and v,, =v,,...,,

&
only and does not contain derivatives of v, , and where the operators P

are homogeneous linear functions of the (p 4 1)! permutations of the p 41
suffixes pwAp---2; with constant coefficients. So for p =2 a system of
this form is, for example,

1

a Vy Uxd +0 vz v;d"" ¢ v/l Uxe = Wuxds

2

eV vpt+ S V) vy = Wyne

(6.2)

First we have to deduce some purely algebraic properties of the operators P.t
These operators form an associative algebra with (p +1)! units, which is com-
posed of % different subalgebras with &2, ..., ¢ units, e2+4... 4 = (p4 1)
k is the number of different solutions of the equation x4+ y-+z2-4...=p-+41;
x, Y, z being positive integers. E. g., for p =5, k=11 and the subalgebras
have 1, 25, 81, 100, 25, 256, 100, 25, 81, 25, 1 numbers, respectively. The
numbers of two different subalgebras annihilate each other by multiplication,

. 1 . 3 .
and the units e, of any subalgebra with & units may be chosen in such
a way that .
1
i d Cuxy V=1
(6.3) v Cwxr = { o y WUy vy w0, =1, 6
0O,vFw
* 'P'he conditions (5.17) were first deduced by Eisenhart and Veblen, Proceedings of
the National Academy of Sciences, vol. 8 (1922), pp. 19-23.
+ Cf. R. K., Abschn. VIL
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The number % and the different subalgebras are uniquely determined, and

the same holds for the k sums 2, euu Of the idempotent numbers ey .
These sums are the moduli of the subalgebras, their sum being the modulus 7

of the algebra itself. The numbers euy are called chief~units. They are
not uniquely determined. They form a chief-series of the subalgebra and
this chief-series can be chosen in an infinite number of ways. A chief-
series of the algebra is built up by % chief-series of the % subalgebras,
each chief-series chosen in an arbitrary way.

The rules of multiplication of the numbers of a subalgebra are the same
as the rules of first transvection (erste Uberschiebung) of the mixed affinors
of the second degree in ¢ variables. Hence the operator P can be written*®

(6.4) ZPczij/i; w, i = 1,-.-, &; 7 = 1,...’];,

i

or, briefly, P.”, where « and y take only values from 1,..., N, N = i,
belonging to the same subalgebra. With this notation the properties of
the operators P can be easily deduced from the well known properties
of the affinors P,” in a point of an El.

N linearly independent contravariant vectors ¢’ of the Ey being given,
«

every affinor P.7 can be written in one and only one way in the form

(6.5) P = g.
From the vectors z;;.x there will be some, say r, linearly independent. If we
denote them by };a, w=1,...,r, there exist » vectors ¢”, such that
u
.y 1""’ru
(6.6) Pl =2 pat-

r is the rank of P; this number is the sum of the subranks ri,---, 7x,

belonging to the % subalgebras. =, ---, 7 are invariants of P. So are

the E, and the E,—, determined by the alternate products q[”l q7'] and
1 r

ﬁ[,,l cen 1;%], called the post-region and the pre-region of P. The vectors p,

and ¢” are not uniquely determined, but the set p, is, when the set ¢” is
given in E,, and vice versa.

*In this formula o; and y:; do not stand for «;...¢; and yi---y;.
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The operator P is then and only then idempotent when, for some choice
of the set p,, ¢”,

1 lL,u=vw
a_:{’ . Qt’vzl,...,j‘.

(6.7 Pe g 0 u 4 v

Then (6.7) holds for every choice of p, or ¢. To every idempotent
operator ¥ belongs its conjugate operator £ = I— E, which is also idem-
potent. The pre-region of E is the post-region of E' and vice versa.
Pre- and post-regions of an idempotent operator have no directions in

common. P being idempotent, faa ¢’ is a chief-unit for every u, hence an
w

idempotent operator of rank » is a sum of r chief-units, , from the first
subalgebra, r; from the second, etc. The chief-units themselves are not
uniquely determined, but the sums of the chief-units belonging to the same
subalgebra are.

To every operator P belongs an infinite number of idempotent operators
having the same pre-(post-)region as P. Having written P in the form (6.6),
we have only to choose in an arbitrary way N—r covariant vectors

r;;r,,l,, ,ﬁa linearly independent of each other and of 1})“, e 1’3,,,, and form

the reciprocal system p?, ..., g”, so that
1

«e? __ Jlu=vw
(6.8) P Pe = 10, % F v
Then
oV 1""’ru w
(6.9) B = 2 puy

is an idempotent operator with the same pre-region as P. In the same
way we form an idempotent operator F', having the same post-re%ion as P,

using N—r vectors ¢7, .- -, g” and the reciprocal system qla, «++, ¢y. From
r+1
the definition of £ and F' we have

(6.10) EP = P; PF = P,
and

1,-.-, N
. B u
an = ; Paﬂ Qﬂ’ {)}’,

(6.11) L e, )
Fa - ; Qe g’s Pﬂ .

Hence, E and F can be obtained from P by post-(pre-)multiplication with
an operator of rank N.
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Now we are able to consider the question when it is possible to write
a quantity W, in the form

(6.12) Wty = Py,

Operating on (6.12) with £ we have, by (6.10),

(6.13) . ' Ewy, = wu,-
An equivalent to (6.13) is
(6.14) E’w‘u}p = 0,

E bemg the conjugate to E. But, by using the reciprocal system
qa,- ,q« we have, in consequence of (6.13) and (6.11),

Waa, = E) w/ A
ey
= P, Z: (I,e 17
u

(6.15)

Thus (6.13) or (6.14) is a mecessary and sufficient condition that Wy, be
a result of the operation P.
x

Hence, if K is an idempotent operator, having the same pre-region as

o 4
P in (6.1), and E’ is the conjugate operator,

£ ¢
(6.16) E W, = 0 E=1,.--,2

are the first conditions of integrability of the system (6.1).

We now prove the following theorem:

A consistent system of equations of the form (6.1) is equivalent to only
one equation of that form.*

We cons1der the first two equations of (6.1). If the ranks of Pand P
are 7 and r, and if the post-regions of these operators have s directions
in common, these equations can be written in the form

r
u 1
Y _
Z“ Do g v‘u v, = Wul,»

6.17) : ,
2“ e ¢ V Uy, = Wui,
y+1 w :

1 2
r—y = s, t—y = r.

*The algebraic equivalent of this theorem was first deduced by Weyl, Rendiconti
del Circolo Matematico di Palermo, vol. 48 (1924), p. 32.
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Completing the sets p,, ¢” and r,, in an arbitrary way to sets of N linearly
independent vectors and forming the reciprocal sets p”, ¢, and ¥, (6.17)
is equivalent to

; N

% % 1
Z“Qagy Vyvl :Z“qapywl’
(6.18)

t
u
2“ 9 q}’ v‘u Uy, = 2“ 9 ,,.7 w
y+1 u
In order that these equations be consistent it is necessary and sufficient
that
“ , 1 u© , 2 1
qa?f’ w‘ul,:%:’ Wup, (w=y+1,. .., 1)
u 1 1
(6.19) Qa.gr Wul, =0 (u=r+1,..-, N);
u 2
Qazyw‘ul,,z'o w=1,.-,y, t+1,..., N).

In the case of consistency (6.18) is equivalent to

u u 1 1
9 P’ vpvlp = ¢ p¥ Wy, w=1,...,7);
(6.20) “ “
1) u 2 1
Qaey VFUAP':‘ qa;:.}’ Wy, (w=r+1,..., 0,
or

t ; t
u u 1 u 2
(6.21) Zu qa gy v‘u v)” e Zu qa ZZ’/ w‘ul, —-{— 12“, qa :’7 w‘ulp,
r+1

q. e. d. Proceeding in this way it can be proved that all equations (6.1)
are equivalent to only one equation.

It may be remarked that the post-region of the operator in the left
slide of §6.21) is the smallest region that contains the post-regions of both

P and P. In the same way the operator in the left side of the equation
equivalent to all equations (6.1) has a post-region that is the smallest one
containing all post-regions of the operators P. We call this region the
combined post-region of the operators P. The sum of the dimensions of
the combined pre-region, constructed in the same way, and the combined
post-region is in general not equal to N.

Suppose now that an algebraic equation is given of the form

(6.22) Pu, vy, = 1w,

29
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uy, and wy,;, being known quantities. The left side of this equation can in
one and only one manner be written in the form

2 9 PHph
(6.23) Puy, vy, = ;uy v, +Couy vy, +---+ C pq» Uy Vi)

1 p+1 2 ril .
where ¢, ..., ¢ operate only on 4;,...,4, and C, ..., C are the cyclical
operators transforming wl;...4, into Ay ... Adpu, A3... Apuldy, ete. The
operators operating only on 4, ... 24, form an associative algebra with p!

units. In this algebra the operators é, . -,p.*q;l have a combined post-
region and we can form an idempotent operator U having this same post-
region. Let U’ be the conjugate operator of U. Then x, being any quantity
of degree p, we have identically

(6.24) Pu, U'zy, = 0.

On the other hand every solution of Pu,v,, = O has the form U’:c;,,.
Therefore, we have only to consider such solutions of (6.22) as satisfy
the equation

(6.25) Uvy, = vy,

These solutions being known, every other solution can be found by adding
U'x,,, ;, being an arbitrary quantity of degree p.

7. Determination of the characteristic number of a permu-
tational operator. In the preceding section we have seen that every
operator has a definite rank. Now we will determine the number of
linearly independent components of a quantity Pv, , v, being an arbitrary
quantity of degree ¢ and P a homogeneous linear function of the ¢! per-
mutations of 4;...4,. We call this number the characteristic number of P
and denote it by (P). In some simple cases the characteristic number
can easily be found.* If for instance P alternates (mixes)t the first ¢ suffixes,
leaving the other suffixes unchanged, we have obviously

(1.1) ®) = (1)
and
(1.2) (P) = ("+ :—1) ot

* Comp. p. 459, note *.
1 By alternating we get for instance from v, A

1
Ylxdu] T 31 (vzl;t + Yux + Yuxd ™ Vapd T Yhan vylx)
and by mixing

1
Ydu) = BT (v:d‘u + Yaux + Yuzd + vz;d + vlzy+ v;tll) :
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respectively. In the general case it would be theoretically possible to
determine the non-vanishing determinants of the matrix of the components
of Py, . In practice this method is far too laborious. But we can find
the desired number in a very easy way, making use of the author’s deve-
lopment of a covariant quantity in a series of indivisible quantities, viz.
quantities that have no linear covariant with a smaller number of com-
ponents. These indivisible quantities correspond to the chief-units of the
algebra of permutational operators, and in consequence it is possible to
write any quantity als a sum of indivisible quantities, using an arbitrary
n

chosen chief series I,..., 7. By using this chief-series we obtain the
development

(1.3) Py, = (}-I—u-—{—}v)Pv,lq.

Now among the N indivisible quantities, obtained in this way, some may
be zero, and others may be each other’s covariants. If 7 is the rank of P,
just r of them are not zero and independent. The characteristic number

o
of one of the remaining » operators 7P is the same as the characteristic

o o
number of I, because v, has no linear covariants with a smaller number

o

of components. But (I) can easily be found, because it is possible to choose
the chief-series in a very simple way.* The process is shortened by the
circumstance that all chief-units, belonging to the same subalgebra, have
the same characteristic number. So we have only to determine the sub-
ranks ;’, ,,; and the characteristic numbers belonging to each of the %
subalgebras.

The method just indicated can be considered from another point of view.
The equation

(7.4) Py =0
being equivalent to
(1.5) Fy) =0,

where F' is an idempotent operator with the same post-region as P, (P) and

(F) must be equal. Now F can be written (p. 455) as a sum of chief-units,t

and so we have only to determine the characteristic numbers of these

chief-units. Each of the indivisible quantities belonging to these chief-units
14

is a linear covariant of one of the terms I Pv,, obtained above, but the

*Also ‘a general formula can be used deduced by I. Schur in an investigation on the
theory of the linear homogeneous group (Dissert. 1901, p.51). Comp. H. Weyl, Mathe-
matische Zeitschrift, vol. 23 (1925), p. 300.

T These chief-units were first used by Weyl in an investigation concerning the theory of in-
variants, Rendiconti del Circolo Matematico di Palermo, vol. 48 (1924), pp. 29-36.

29‘
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chief-units contained in ¥ do not belong in general to the artificial chief-series
we made use of. This way seems to be a shorter one, but in practice it
is not so easy to determine the r chief-units belonging to F' and so the
use of the artificial chief-series must be recommended.

We give some examples, which will be used later on.

Example 1. Let oA be an operator, alternating the first 2 suffixes
Ay Ag_pt1 and g1 M, 2+y = ¢, an operator mixing i, and the last g—=x
suffixes 44—z, - -+, 4. Then a number 4 441 M is a chief-unit of an artificial
chief-series as used above. Also ,11M A4 is chief-unit of another artificial chief-
series, frequently used. For ¢ <6 all chief-units of artificial chief-series
have such a form, though there may be more than one region for alternating
or mixing.* The characteristic number of x4 411 M and 441 M .4 is

a:A M - (1 M xA
(1.6) ( y+14 ) (41 )

- (xil) (Z,’ii’) o (.’ciQ) (n;rijzrl) T +<—1)’”“1("+Z - l)'

The first term in this series is (y—14 y+1M), —14 alternating x—1 suffixes
and 41 M mixing the other y 41, the second is (r—24 442 M) ete.

Ezxample 2. Let oM be an operator mixing the first « suffixes 4¢--- 4g—z41
and 441 M the operator used in Example 1. By using the above mentioned
second chief-series we find that (.M y11 M) is equal to (oM y M), ,M mixing
only Az41, -+, 4y. Hence we have

(1.7) M yM) = (M M) = (”"’Z _l) (”“;‘1).

8. A theorem of Lie. Given a system of partial differential equations
with n independent variables 2” and an arbitrary number of dependent
ones. There are three cases:

1. The equations are inconsistent.

2. The general solution depends on a finite number of arbitrary constants.

3. The general solution contains arbitrary functions of z*.

An example of the first and second case is the equation

(8.1) v# v, — O,

having in general no solution and in special cases a general solution
depending on a finite number of arbitrary constants. An example of the
third case is the equation

(8.2) Vuvay = 0,

*For n = 6 at least one chief-unit in every subalgebra has such a form.
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having the general solution
(8.3) n= Vip,

p being an arbitrary scalar function.

The equations being consistent, Lie* has proved that the following con-
ditions are necessary and sufficient for the second case:

1. Therz exists a number s, such that every derivative of order s may
be expressed as a function of the lower derivatives, and that the same
does not hold for every derivative of order s—1.

2. By differentiating and eliminating the system can be put in such a form
that, by differentiating all equations once, and eliminating all derivatives
of order s+41, no equation can be obtained that is not a consequence of
the equations of the system.

Let us inquire in which cases the first of Lie’s conditions holds for an
equation of the form
(8.4) PV, v, = W,

where w,, is a function of 2” and v, only, not containing derivatives
ofv,. If U is an idempotent operator in 4, .-, only, belonging to P

as defined in § 6, U’ the conjugate of U, v;, any solution of (8.4), and
8, an arbitrary quantity of degree p, then

(8.5) 131,, +U S,

is also a solution of (8.4), because P annihilates U’. Hence the general
solution of (8.4) depends for U+ I not on a finite number of arbitrary
constants, when no other assumption is made. In consequence we consider
only solutions of (8.4) satisfying the equation

(8.6) Uwy, = v,

According to § 6 the first condition of integrability of (8.4) is
(8.7 E'w,,, =0,

E' being the conjugate of an idempotent operator having the same pre-
region as P. This condition being satisfied, (8.4) can then and only then
be solved for Vﬂ v;, When the number of components of the left side is
equal to »(U). Now this number is equal to (P). Hence, if (P) = n(U),

* Theorie der Transformationsgruppen, I, Chapter 10,
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(8.4) can be put into a form already considered in Chapter I. Supposing
now (P) < n(U) and differentiating (8.4) we have

(8.8) PVM v, = V,,, Wy Ay

The number of components of PV, v;, and V,, v, being n(P) and n*(U),
(8.8) cannot be solved for V,,, vy,- From (8.8) we obtain, however,

(8.9) P V(/,,) v, = V‘u, w‘ulgp—%PR;‘,}:’ Vy,s

and in this equation the number of components of PV(”,) vy, is equal to
(P3M), sM being the operator mixing the suffixes ws #;. The number of
components of V(P,) v;, being (M U), the solution of (8.9) for V@,,) vy, is
then and only then possible when (PsM) = (M U). In this case the
right side of (8.9) containing only v;, and first derivatives, V(,,,) vy, and
therefore also Vm v;, can be expressed as a function of v, and first
derivatives, so that the first of Lie’s conditions is satisfied for s = 2.
When (PsM) < (;MU) we have, by differentiating (8.8),

(8.10) PN, 03, = Vi, W,

Now, because of the identity

Dpspaps. = Dpgpinper) — 8P apialin T 3P pifpgpn]
(8.11) + 3P — $ Ppafppu]
— 3 Ppalpurpre] T Pl ™
every quantity p,, can be written as a sum of p(,,) and several quantities

all alternating in two neighboring suffixes. Making use of this property
and bringing all terms alternating in two neighboring suffixes to the

right, reducing them to first derivatives by means of B, ”, we obtain
an equation of the form

$4

5.. €1Vp
+ Tl‘tlp v“l v"p

3 « o YV,
(8.12) PsM Vy, v3, = Vi Wup,+ Tpg, 0,

containing only derivatives up to the second on the right. In this way
we can proceed, always reducing the difference of VM vy, and V(‘,,,) v,

*In this equation the abridged notation is not used.
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to derivatives of the order x— 2 with the aid of R,.;". Then it may
occur that for x = q, (P¢M) = ([M U). Then V(‘“q) v;, and therefore
Vm v, can be expressed as functions of the lower derivatives, so that
the first of Lie's conditions is satisfied for s = ¢q. In the other case
such an expression can never be found and in the case of consistency (8.4)
must have a general solution containing arbitrary functions.

We give some examples.

Example 1.
(8.13) Mu gz, = Wty 1< p;

P is the operator alternating the suffixes u4,.-.4; and U is the operator
alternating 4,..-4;. The characteristic numbers are, according to § 7,

(P M) = np_,{(n)(n-l-x—l)_( n )(n +x)+'"+(_1)t(n+fj-i_l)}’

(8.14) t x t—1/\x+1
o= w4

so that always

(8.15) (PzM) < (=M U).

Hence, (8.13) is inconsistent or the general solution contains arbitrary
functions.

Example 2.
(8.16) Vie Vi, = Wy LD

P is the operator mixing the suffixes w4, ...2; and U mixes 4, ...4;. The
characteristic numbers are, according to § 7,

(PzM) = nr—t (”+ t) (n+w—2)’

8.17) t+1 z—1
n+t—1\ n+zx—1
(”MU)_:_M_t( t )( x )
Whence
(8.18) (PzM) < (M U), z = t,

(PzM) = (M), x=t+1.

Hence, the derivatives of order ¢+ 1 can be expressed as functions of
the derivatives of lower order, and therefore the first of Lie’s conditions
is satisfied for s = ¢} 1.
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9. The second of Lie’s conditions for covariant equations.
Considering the case that the first of Lie’s conditions is satisfied, we start
with (8.4), (8.9), (8.10) and the higher equations, deduced as explained in
the preceding section:

9.1) PN, v, = wu,;
x
PoM Vv, = V,, Wy dy T T,;,;l,y' v,
&z oy,
9.2) +Tpp, " Ve, v+ -

x
AL e,
(=2,---, q—1);
q, .
PqM v.“q V) = v!‘q w.“l'lr+ T‘“‘vlfyp Uy

d, . oy,
(9.3) + qulpa P val vyp_l._ e

7, . g
_I_ T‘uq)pa' 1¥p va,_l vyp .
The last equation, containing on the right side only derivatives up to the

(g — 1)th, being solved with respect to V(M) v,y We arrive at an equation
of the form

(9.4) v‘uq n, = Q‘uq P

Quy 2y containing only derivatives up to the (¢ —1)th. By differentiating
(9.4) and alternating we have

9.5) 3 Ru;“;qi?“q—"’? v"‘q—l Vi, = v[‘” Q/‘c].‘"q—llp‘

The qth derivatives on the right being eliminated using (9.4), this equation
contains only derivatives up to the (¢ —1)th. Hence it can be no algebraic
consequence of (9.4). Differentiating (9.5) and eliminating always the
qth derivatives by means of (9.4) leads to an infinite series of equations
containing derivatives only up to the (¢ —1)th. Now either (9.1), (9.2),
(9.5) and the equation obtained in this way are algebraically inconsistent,
or they are algebraic consequences of a finite number of them. In the
latter case we know by a general theorem proved by Delassus* that if
one of the equations deduced from (9.5) by differentiation and elimination
is an algebraic consequence of the preceding ones and (9.1), (9.2) and (9.5),

_—*Annale;t;e I'Ecole Normale Supérieure, vol. 13 (1896), p. 449.
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then all following equations have the same property. Hence it is not
necessary to consider these equations. In this latter case the second of Lie’s
conditions is satisfied because there is no other way of differentiating and
eliminating of the sth derivatives than the way just shown.

Summing up, we have the following theorem:

A system of covariant equations of the form

¢ 3

vavlp—_—_wm,, (§=1,'--,Z)
s equivalent fo one equation of that form,

P Vy V3 = Wudyr

The equation being consistent and U being an idempotent operator in Ay - - Ap
belonging to P, the general solution depends thenm and only then on a finite
number of arbitrary comstants, when there exists a mumber q such that the
characteristic numbers of the operators P,M and MU are equal:

(PpM) = (M D).
If for every x
(PxM) < (M U),

the gemeral solution contains arbitrary functions of x¥.
10. The linear case. When wy, is a linear function of v, the
equations (9.1) and (9.2) take the form*

0

1..
(10.1) P T]‘u vy, = u,dp—l- Upd,

Vp
(2
vp)?

0 T ..y
PxM N, v, = Vi, Wy T Upindy © ny
T ..oy
+ Up2p ’ val l’,,p-i— tee
T oo Op 1
+ Wuslp ’ vt:,_l Uy,

(93=2,"',Q""1);

(10.2)

* The case in which the right side of (10.1) is zero, p = 2, and P is the operator
mixing the suffixes 4,4, is treated by Veblen and Thomas, these Transactions, vol. 25
(1923), pp. 599 fi.
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. 0 qe o Vp
PyM Ny v3, = Vi gy + b, "0y,
q. . alvp ,
(10-3) + qu Va, va+ o
< Gg—1Vp .
+ !‘q P v"‘q—l Urp)

where all quantities « are functions of z* only, not containing v,, or derivatives
of v;,. The last equation contains only derivatives up to the (¢—1)th on
the right. The solution of the last equation for M V,u, v), gives rise to
an equation of the form

0 .. V?
Vl‘q Y3 = U.“q'zp—}_ U [
.oy,
(10.4) + U3, ™" Vv + -
+ Ups, ARV

Cg—1 “¥p ’

containing only derivatives up to the (¢—1)th on the right. By diffe-
rentiation and alternation of (10.4) and elimination of the qth derivatives
by means of (10.4) we get an equation of the form

01

1 1
S N N
V"’.“qlr + V"’.“qlp Yy + V“’!‘qlp v“l Urp e

g1V,
+Vm'u.qpq Pv

aql

(10.5)
= 0.

Differentiation of this equation and elimination of the ¢th derivatives by
means of (10.4) leads to an infinite set of equations of the same form

oy

w,p,l,'{'anuq)p vv,,+Va)"uq e Va,lyp‘l" “e
+V(:,y’.‘qipuq—|’p v“q_l vy, = 0 (y =1,2,.. ).

(10.6)

In all the preceding equations of this section quantities with a suffix 0

vanish for &M,= 0. The quantities U and V in (10.4) and (10.6) are
connected by the equations
01

Vwﬂqlp = v[m (of.“q]m_ll,, + lof[w] Becre] ,uq]/t,,_ll,ﬂq -1,
(10.7) Tari® = VoUpdreoi® + Uliusil " UnapeiF,
«:;.;‘u,“xt'p — v[w f"]!‘q—ll,aw + A[w ‘u,]‘uq_. l,,a’—wp
+ U[‘:’h;c—l;'pl ", L2/ nlfq V3R,

(Z=17"'7 qg—1; 2’=07 2<q—1,; '?':17 z=q—-—1);
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0,y+1 Y .8
—1)p
VE"’V.“V/IP = VE “’u.“qlp + U‘Eﬂq—l}’rva.“ql ’
y+i,, < vp .. ey oo wvp ¥ By
4 5«%«*» =V Vw o T Ufﬁq—u'p Vwmqlp ’
(10.8) 1

..oy, ..o, . . Oy 1Vp
4 Sorypghy VE Oylighy + A “’y.“q

. 0¥ v, . < Be—1¥p

+ Ug'ﬂ.,_,y, V“’v‘“c)p
(y=1y2y'°'; 2=1y""q_1)‘

Now we regard the equations (10.1), (10.2) and the first ¢ equations (10.6)
only from the algebraic point of view as equations for the determination
of the unknown quantities v,,, Vy,vxp, ey Vﬂq_,v;p. These quantities must
also satisfy the identities

. Oz _1Vp
vﬂ' [aye] a1 Vhy % vﬂz Rﬂyﬂz v"‘z—-l

(10'9) = %vﬂz Rﬂvipaz—ﬂpv"‘z—lv”y;
x:2,.,,, q_]_; y—_—2,...’x; z_—_:y—l).

We assume that (10.1), (10 2), the first ¢ equations (10.6) and (10.9) admit

a solution v/l,,, v‘ulg y oy ”m 4+ Then every solution of these equations
can be written in the form

0 1 s
(10.10) Vdy = v,‘"vlp—l-‘lxvll'ylp_’. e +?v‘ll/y1p (y = ]_’ cee q—-—l)’

where zl:Wlp, cry U,y ¥ =1, -+, ¢—1 form a fundamental set of solutions
of (10.9) and the reduced equations (10.1), (10.2), (10.6, first ¢ equations), viz.

the equations found by setting &Mp =0, and «, ---, « are arbitrary functional
1 8

parameters. Further we assume that the (¢ 1)th equation (10.6) is an
algebraic consequence of (10.1), (10.2), (10.9) and the first ¢ equations (10.6).
When the system (10.1), (10.2), (10.6), (10.9) is algebraically consistent,
there will certainly be a number ¢ with these properties. Setting in the

first ¢ equations (10.6) v, = 3@, Vm v, = 3,4.1,, etc.,, we have by dif-
ferentiation

V "’vl‘q”p+ (VE V“'v,“q’z ) v”p+ (VE V“’v.“a): l"P) 3“1Vp+ Tt
(10.11) + (\7; ,,',qlf““”") Vg, + Vt;y,;,i:’ Vs 0,,+

o o o Og 0
+Vw,y,):q 1¥p VE Vagryy = 0 y=1,--,9.
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Now the second to the (¢ 1)th equation (10.6) can be put into the form

Ba—1y»
VE oygd, + Utﬁq 1¥p Vw,u,l

e o . ee . Be—1¥p
_*_ (vév"’y.“qlp ! + U'Sﬂq—l}’p V"’v"ql ! ) ’p
L e ey Fe oo Beayy
+ (VEwa.“qlp v + Ugﬂq—ﬂ’ i V“’y!“q/lp —
o yo .« o V.
+A'§l Vw,y.,l, p) valyp+ .

+ (VEV(H’/L; “wﬂl’p+ Uspg_l;/“q——l”y V l « Be—1¥p

‘”y.“q »

o Og_3 Vp)

‘”v;“qlp

(10.12)

+ A"”'1

vkq_lllp = 07
Yy = 17 ) t’
in consequence of (10.8). Setting in (10.12)
0
Uiy = Uk
V,ul v, = 8/‘!‘? ete.

and subtracting (10.11) from the so obtained equations we have

Y. ..wp, [0 0 Y. vuogsgvy|O 0
V‘”v.“qu ’ (UE”;" VE v”p) + t + V"’v.“qlp — < vE“q-—z”p_v'ﬁ v“q—z Vp)
Y. o ag v, |0 e 0
(10.13) F Vot " (Ueaq_l,,p-i— Usay_s,” 0y, + -+

X Bo—1¥, 0 ) —
o + Ug"‘v—“’z’ — ”ﬂ,,_,; v; Vagry] = 0.
Hence the quantities

E(vsz —Vz vx)

(10.14)
a'E (véaq_,) VE l’tt,_,l )
0
.. e Boe
a's (UE%—I 2p+ UE“q—llp Pv}’p—l_ e+ U §a,_12 g Vg, VE Veg14y]

Y7

where af is an arbitrary vector, form a solution of the first ¢ reduced
equations (10.6). We will now prove that these same quantities also
satisfy (10.9) and the reduced equations (10.1), (10.2).

Because of (10.9) the equations (10.1, 2, 3) are equivalent to equations
of the form

PV, v, = v/tz“ml +W* R
i Ve 1y = 0 @ —1,-,0),

(10.15)
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where "
x+1 x
“e o ¥, .. v,
ng‘tlp b= v& WMI‘P g
x|, T Z .,
WE‘qu”’VP= VE VV! “lp"‘y”p + Agr IV;L,I,,“’ l"zv’
(10.16) o .
W v e W 0

(x = 1,-v0,9g—1; y=1,.---,2—1).

Substituting 3,11,, 3,‘11? etc. in the first ¢—1 equations (10.15) we have by
differentiation of the first ¢—2 equations

0 0 ( x..yp)o Z .., 0
P VE Vyd, = ngz Uy, 2, + v; Wu,/l,, Vy, + 'W‘u[)p v; vy, “+ ...
(10.17) Gr1¥p V£ ’3“:-

(x=1,---,4—2).

(v z..at_ly},) 0 x. .
+ E W‘u,lp va,_l Vp + Wy,lp 1¥p

Subtracting these equations from the second to the (¢—1)th equation
0 0

(inclusive) obtained from (10.15) by substituting v, , Vu,a, €tc. we have in

consequence of (10.16)

0 0 x . ., vp 0 0
P(v;‘qup—— v;_: z;Mp) == Wy,lp (’U;,,P—VS 1),,})) + eoe
10.18 T e vy 0 0
( ) + Wy,l,,a " (v&x,_l vp VE va,__lyp) (:D =1,.., q-—2)°

Differentiating the (¢—1)th equation (10.15) after having substituted 3;, ete.
in it, we have

PV 0 _v 0 (v q_ﬁ,l. .1/,)0 qﬁfl. .va 0 1
& v,uq—l lp - S,“‘q—-l u,ullp_l- 3 Mg—1 Xp va+ M —llp 3 v"p ot

(10.19)

q—1 « , ) 0 q—1 0
4 e . q—2Vp . o Kg9¥Vp
+ ( v.;' W Uy—1Ap Vetg—av, + Wuq_l A v_E Vetyurps

or, in consequence of (10.16),

vp 0

0 0 .. .
P VE Vg 11«_-v.5{‘q—1 u’#llp—ng“q—llr Ve

q avy 0 7-1 v, 0
r* M 17p * [4
—W Var, + W, Vg, — - -

S,“‘q——l lp -1 }‘p Vp
(10.20) . i .
- W. . g, v, 0 + W . < og—svp O
Eug—dp Vugrvp Ho—1hp Stg—a¥p

-1, ., 0 =l L ey 0
== II/A“‘t-‘AP b VE 1,"P+ ce +Wu,,_,lp ' ‘ v" v

s Tyt
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Now the qth equation (10.15) is equivalent to (10.4). Hence
0 4.. .y, 0 4 .. . agyvp 0
VE,“q—l ;41).,"" WE‘u,._l Ap ’ Vy, + et Wﬁ‘uq_, A e Vory1vp

( 0 .o . 0g_1Vp 0 )
= P\Usu ity +Uso i, Ot + Ut i, L
Hence (10.19) is equlvalent to

(10.21)

( 0 . «p 0 . c0tg_137p 0 0 )

(10.22) P UE""“” + Uity T et UE#« e Ve vy VeV il
o q—1, . &ya,

S W Mg—1 lp (? vy VE (2% ) + - + .[/qu__l 1”“ LS (an 4—27p Vg vaq_’,,?)

From (10.18) and (10.22) it follows that the quantities (10.14) satisfy the
reduced equations (10.1,2), q. e. d.
0
Substituting v,, ete. in (10.9) we obtain

0 [Py
(10.23) Vilmdieize = 3 Vi Budy " Varivy
@=2,.-v,q—1; y=2,..-,2;, 2z =y—1),

where on the right side \/’ is a real differential operator equivalent to V/
0 0
for B but a symbolic one for v, V‘,;‘ Ve,_14, Deing a symbolic notation

for 3#..“‘_1 4 ¢ =0, ..., . Differentiating the first ¢—3 equations (10.23)
for some fixed values of y we have

0 1 .o ogy, O
V§ Ot [ty pia) thardp = %VE v, E lpa " Voe1vp

e o @y ¥y O
"I" ‘}v‘é ;L, [,L,) b va,-;rp

(SL'=2, 5 q—2; y—'2""’x;z=y_l)

(10.24)

1 2 2
where V/ differentiates only R/;yjpa"‘; ”» and V only 3,,;,,‘_1 e Vi 1‘;“““__1,,,, is

not to be replaced by 3;‘,“,_1,,?, V being a real differentiation, not a
symbolic one. Subtracting these equations from the second to the (¢ —1)th
equation (10.23) (inclusive) for the same value of y we obtain

0 0
ke [pty pra) pre—12p ™ Ve Vpta [ty 1] pre—1 4
= AV B i v,
(10.25) AV B e,
. %%’7& vﬁ, R,;,' o 1vp 'ga,._,vp
0

2 Cg1Vp
— % ( Vé VE) V”z R Y oE va’_‘ p!

“vP
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Differentiating the (¢—2)th equation (10.23) for some fixed value of y
we have

Og—1¥p Qo

0 , -
(10.26) Vi vy [umdiast, = 3 ViVis Bl Vaey,e
Now from (10.4) we deduce

vgf‘q—l[f‘v.‘“]ﬂt—l Y, = %VEP«—l R“;yi?“'-"’l’ v“z—l v”p

0 .o PR . ¥
(10.27) = l-];’:!','q_l [#y/l:].“t—l lp + U?,“q—l[ﬂy,“g]#g-xl, U,,, + cee

. .« o . o Og—1¥,
+ Ug:“q—l Loty ) pte—1 4 9" v“c—l L)
hence it follows that

0
U, -0
(10.28) St [y ) a1 2p )

.. Y 7S ,
Ugﬂq—l[ﬂyﬂ;]llz-—xlp =0 (Z =1,..., 2—2, q—‘l),

and that there exist such relations between the quantities U and R in (10.27)

that for every set of quantities 3,,P, etc. which satisfies (10.9) the following
equation holds:

« o Opy¥, O
% VE:"Q—I ‘R/‘y 4 ' Va1,
0 .o e . vy, 0
(10‘29) = Ugl‘q—l [/‘vl‘zJ/‘Z—l Ap + Usﬂa—l [I‘vl‘t]#z-llp ’ v”p + te

cog_yvp 0

.. .. >
+ UEP«—I [ty 4 41 Ap Yoy 1vp*

From (10.26) and (10.29) we get

[}
.o . s e . ¥p 0
Uspslpypttemsdo T Uty [yl perdp - Oy T

.01 Vp 0

.o o o o 0
(1030) + Uqu_,Lu, s a1 A Vo 17y —Vg Uttg—r [ty 1] tts—1 2

0

2 2 . e Qg1 ¥
=3 (Vi—=Vo) Va . Bui " Vayirye

From (10.25), (10.27) and (10.30) follows that the quantities (10.14) satisfy
also the equations (10.9), q.e.d. Hence these quantities satisfy the equations
(10.9) and the reduced equations (10.1, 2) and (10.6, first ¢ equations). The
same can be proved in like manner for the quantities
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@,  — Vv,

10.31 a
( ) at ('UE ag—9lp v& gnx,_glp) ’

€ . . y,,’a . o By—1yp @ a
a’ ‘Ugaq—l'{p l)}’p + Tt _}- U&a.,_ll,, vﬁq—ﬂ’p _ VE v“q—l lp)
(a = 1,...,9).

A fundamental set of solutions of the reduced equations (10.1, 2) and
1

(10.6, first ¢ equations) being v, - - -, 5;?, etc., there must exist equations

of the form

i i 'S
vEV,, - VE Urp = 2 Pe vvpy

i i
(10.32) Vkag—arp VE Vaysvy = 2 Pg vaq_, Vpr

0
c Bo1yp b i
U Sagavy + Ué’“a-—”’p + -+ U, ‘Z“q—l”p vlgq—l Y VS Yoy,

zb b
p— ; _p£ vaq_l,,P
. i, i=0
(2—0,1, ,8; & = {0’ i 4 0).
By differentiation and alternation we get from (10.32)
Vior #9eers — Vi Vi1 Ve, = 2 (Viy P2 v, +
L,..,8
(10.33) + 2 ]’[E vq] va‘v,, (x=07""q_2);
Vo B —1)»p
& v[’? Ug]“q 1¥p + (v[n UE]“Q*I"P ) v)’P + (v[’i U§]“q—l”.n ) ) bﬂq«l}’
(Vg O) Uslagerr”” + - (Vi ”Iﬂq—ml) Ué]&q_w'f“”'“— Vir Va1 ey,
1"2"’ b b
= 3 (V[7l ]7.5]) ety + 2 ]7[¢ ]v"‘v—l"/

Because of (10.32), (10.7) and (10.5), we get from (10.33)

(10.34) 2 v[,) p;] va,1 + 2 p[” _pr] ”azvp (x=0,...,4—1).
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Hence

(10.35) Viwb +l'$’§’[,,, =0 G=0,1,---,5).
Now we will prove that the general solution of (10.1) has the form
(10.36) v, = 3,1p+? oy 4+ ‘;‘51,.’

and that the parameters o can be found by the integration of a completely

integrable system. In order that (10.1) be satisfied by (10.36) it is necessary
and sufficient that

o 1,---,8 o 1,°:,8 a o 1,8 a
1087 Vo + 2 (Vuody, + 2« Vb, = vup,+ 3 @b,

or, because of (10.32),

oa 1,::,8 1,08 g b
(1038  —Zp,i+ 2 (V)b — X ap,s, =0,
or

oa 1’... 8 b
(10.39) Vuz = m+ ij %‘p‘;-

These equations having the same form as (3.13) are completely integrable.

Hence the integration of (10.1) is reduced to the algebraic solution of
the system (10.1, 2, 6, 9) and the integration of the completely integrable
system (10.38).

DeLFT, HOLLAND.
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